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Abstract. We consider the Dirichlet Laplacian for a strip in M 2 with one straight bound- 
Q^ . ary and a width a(l + A/(x)) , where / is a smooth function of a compact support with 

a length 2b. We show that in the critical case, j b _ b f(x)dx = 0, the operator has no 
bound states for small |A| if b < (\/3/4)a. On the other hand, a weakly bound state 
exists provided ||/'|| < 1.56a~ 1 ||/|| ; in that case there are positive c\,C2 such that the 
corresponding eigenvalue satisfies — c\\ A < e(A) — (vr/a) 2 < — C2A 4 for all |A| sufficiently 
small. 



1 Introduction 

Quantum waveguides, i.e., systems in which a quantum mechanical particle is con- 
fined to a tubular region, attracted a wave of attention induced by the progress of the 
"mesoscopic" physics — some reference and a guide to further reading can be found 
in |DK| , DE5 |. Apart of a natural physical interest, some interesting mathematical 



problems arose in this connection. 

One of them concerns the existence of bound states which appear if a Dirichlet 
tube of a constant cross section is locally deformed, e.g., bent — see |[ES| , pE|| and 



references therein. Another mechanism producing bound states in straight tubes 
is based on tube protrusions |[1S Y| , |Ajj|| . It has been treated rigorously in a recent 



paper by Bulla et al. IPGRSf where the asymptotic behavior of the eigenvalue for 



a gentle deformation was found. 
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In distinction to bent tubes a local variation of the cross section can yield both 
an attractive and repulsive effective interaction; it is easy to see that constrictions 
produce no bound states. A more subtle question is what happens if the profile 
modification along the tube includes both an expansion and squeezing. It is demon- 
strated in | BGRS | that the "averaged" cross-section variation matters: a bound 



state exists in a slightly deformed tube provided the added volume is positive while 
in the opposite case it is absent. In the former case, the asymptotic behavior of the 
gap is governed by the square of the deformation parameter A . 

In this letter we address the critical case left out in the mentioned paper, namely 
the situation when the volume change is zero. The authors pointed out that bound 
states might exist in view of the analogy with one-dimensional Schrodinger opera- 
tors PGS| , Kl| , however, they remarked at the same time that the effect of the 



additional second-order terms in the Hamiltonian is not apriori obvious. For the 
sake of simplicity we restrict ourselves to the basic setup of ||BGRS|| : we consider 
a planar strip obtained be deforming locally one boundary of Qq '■= IR X [0, a] . 
We show that the answer depends on the shape of the deformation. If the latter is 
localized into an interval sufficiently small with respect to tube width a , there is no 
bound state. On the other hand, a bound state exists if the deformation is smeared 
enough, and the leading behavior of the gap is given in this case by the fourth power 
of the parameter A . 

2 The results 

We consider the Dirichlet Laplacian — A^ A on a deformed strip 

n x := {(x,y)elR 2 : < y < a(l + Xf(x)) } , (1) 

where / G Cfi°(M) is a given function; in distinction to [|BGRS|1 we do not put 
a = 1 . Our main results are the following: 

Theorem 1 Suppose that f G C^°(M) is such that supp / C [— b, b] and 

f(x)dx = 0; (2) 



-b 

then the discrete spectrum of — Aq x is empty for all sufficiently small |A| provided 

a>± b . (3) 

Theorem 2 Under the same assumptions, —A® has an isolated eigenvalue e(A) 
for any nonzero A with |A| small enough provided 

vr < (iv « . (4) 



,aj 9 + V90 + 12vr 2 
In that case there are positive Cj, C2 such that 
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-c x A 4 < e(A)- (-) < -c 2 A 4 . (5) 
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3 Nonexistence of bound states 

By ||BGRS|1 , the operator under consideration is unitarily equivalent to 

H x = -A° + XAi - X 2 A 2 (6) 
on L 2 (f2 ) corresponding to the straightened strip Q := M x [0, a] , where 

5 6 
Ai = £)Ay, A 2 = Y,A 2j 

J=l j=l 

with 

A n = 2f(x)d 2 , A 12 = yf"(x)d y , A 13 = 2yf(x)d 2 xy , 

A u = f\x)d x , A 1B = ±f(x), (7) 



and 

_ 3f{x) 2 + 2Xf{xf + y 2 f\x) 2 a2 _ f yf(x)f"(x) 3yf'(x) ] 

" :i + A/(x)) 2 d " ^"U + A/W (1 + A/fx)) 2 ' 



_ 2y/(s)/' (x) 2 /(x)f (a) 

A23_ i + a/(x) d <"> Am ~ i + \f(x) dx > (8) 



f(x)f'(x) _ 3f(x 

^25 — TTTZ — ; — , ,., \ \ , >i26 
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2(1 + A/(*))' ^ 4(l + A/(x)) 2 - 

Since inf a ess (H\) = (7r/a) 2 , Theorem p] will be proven if we demonstrate that 
(H\ip,ip) > (n/a) 2 holds for all ip from a suitable dense set, say, Cg(fio) . Such a 
function can be always written as 

^(x,y) = G(x,y) + R(x,y), (9) 

where G(x,y) = <j>(x)xi{y) and R(x, •) _L \i f° r & U x & M; we use the symbol Xn 
for the normalized n-th transverse-mode eigenf unction, 

2 f irny\ 
- sin . 



Xn (y) := ^- sin . (10) 

The smooth function <fi can be written as <j)(x) = a + , where a := 4>(—b) . In 
view of (!]), the quadratic form to be estimated can be expressed as 

(flAtM) = -(Ag,G,G)-(Ag,i2,i2) 

+A(AiG, G) + A(Aii2, i2) + 2A Re (AiG, i2) (11) 
-X 2 (A 2 G, G) - X 2 (A 2 R, R) - 2A 2 Re (A 2 G, R) . 
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Let us begin with the terms linear in A . With an abuse of notation, Ai(l x X x) — 
A\Xi , we write 

(A X G,G) = a 2 (AiXi,Xi) +a(A 1 xi,gxi) + (Aigxi,9Xi) ■ 

The first term at the rhs is zero in view of @ and J_ b f"(x) dx = /'(&)—/'(— 6) = . 
The second one is 

-) (f, g)^(-b,b) - 2 (/ , g')i?{-b,b) - a(yx'i, xi)^(o, a ) (f, g )z 2 (-m>) , 

where we have used integration by parts together with — x'[ = ( 7r / a ) 2 Xi j evaluating 
the inner product we see that the last two terms cancel. Finally, using the fact that 
/, /', /" are bounded on [—6, b] , we arrive at the bound 

KAxgxi, gxi)\ < c (\\9\\h(-b,b) + y\\h(-b,b)) ! 

here and in the following C is an unspecified positive constant which assume differ- 
ent values in different expressions. In fact, the derivative norm alone may be used 
here, because g(—b) = implies easily 

(12) 

Together we have 



7T 
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,'l|2 



> -2a (-J (f,g)LZ(-b,b)-M\\g\ ]L2( _ m . 

In a similar way the boundedness of /, /', /" together with integration by parts and 
the Schwarz inequality yield 



KA^R)] < C\\R\\ 2 wi 



(n 6 ) 



where '■= [—b, b] x [0, a] . The same argument applies to the " a-indepedent part" 
of the mixed term, 

L 2 (-b,b) + II-^IIl 2 (q,,)) • 

The remaining term needs more attention. Since R is smooth by assumption, it 
may be represented pointwise as 

oo 

R(x,y) = r n(x)xn(y) , (13) 

n=2 

SO 

oo 

a(A lXl ,R) = -a 9')^(-b,b){yXi, Xn)L 2 (o,a) • (14) 

n=2 
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The last inner product equals (— l) n 2n/(n — 1) ; we introduce 



\n=2 



2n " « 1/2 



*==IEbciJ • (15) 



The last sum can be evaluated |PBM , Sec. 5.1] in terms of the di- and trigamma 



functions ip and ip', respectively, as 

4 |^W^ 2 -? + 2W3)+7) - 4 ^' (3) ' 

and since 2(V>(3)+7) = 3 and 4^(3) = 4<(2)-5 by [[AbSj Chap. 6], where ( is the 
Riemann zeta function and 7 is the Euler's constant, we obtain 



7T 2 1 

K = U + v (16) 

The term flli]) in question may be then estimated in modulus by 

*(\ntK\^r) <^f|/1,fEKI 2 ) 1/2N 

\ n =2 l /LH-b,b) V Vn=2 / / L 2(-M>) 

< ^ 2 ir 2 A(l+cA)||f||i 2( _ bi6) + 2A( / +a) WII'(n»). 

where R x := dR/dx and c is a positive number to be specified later; in the last 
step we have used the Schwarz inequality. 

Next, we pass to the quadratic terms. By the boundedness of /, /', /" we have 

X 2 \(A 2 R,R)\ < C\ 2 \\R\\ 2 w ^ b) - 

the same property in combination with the Schwarz inequality and the estimate ( |l2|) 
gives for the two parts of the mixed term 



X 2 a\(A 2Xl ,R)\ < Ca 2 X 3 + ^\\R\\l Hnb) 



X 2 \{A 2 g Xu R)\ < CX^g'\\ 2 L2{ _ b!b) + ^\\R\\ 2 L2(nb) . 

The remaining quadratic term which refers to the lowest transverse-mode compo- 
nent equals 

A 2 (a 2 (A 2 Xi, Xi) + 2a Re (A 2 gxx, Xi) + (A 2 gxi, 9Xi) 
The last two terms at the rhs are estimated as above 



X 2 a\(A 2 g X i,gXi)\ < ^A 2 ||</" 2 



L 2 {-b,b) 



X 2 \(A 2X n 9Xi)\ < Ca 2 A 3 + - \\g\\ 2 L2 



X 

2 \\y\\L 2 (-b,b) 



while the first one can be evaluated from 

{A 2 XuXi) = ~ 3 (~) H/Hi 2 (-M>) - (~) Wf'\\h(-b,b)(y 2 XuXi)LHo,a) 

+2\\f\\h(- b , b )(y^ Xl)L^a) + \\\f'\\h(- b , b) + O(X) . 
Computing the inner products and using (|T^), we arrive thus at the expression 

Putting the results obtained up to now together, we find for the rhs of (|TT| ) the 
bound 

(H\ip, ^) > || VGf + || Vi?|| 2 + 3AV (£f \\f'\\h(- b>b ) - 2Xa (f,g) L ^ b)b) 

(17) 

-(l+cA) -1 !!^!!^^) ~ c (MW\\ 2 L2(- b , b ) + ^ll^llw^cni,) + a 2 -^ 3 ) , 

which is valid for all |A| small enough. It remains to estimate the "kinetic" terms. 
Using once more the decomposition (|T3|), we derive 

HVi?!! 2 > ||i2«||i3(n 6 ) + (— ) \\R\\h(n b ) ) 

the inequality 

|| VR\\ 2 - \C\\R\\ 2 w i {nb) - (l+cA) -1 !!^!!^^) > j ||i2||ia (ni ) 
is then satisfied if 



> and 

1+cA 




-AC > , 



i.e., for c > C and all |A| small enough. In a similar way, we obtain 

l|VG|| 2 > lkll! 2{ _ M) +(^) 2 ||G||i 2( ^. 

Without loss of generality we may assume / 7^ . We insert the gradient-term 
estimates into fll7T) and estimate ||<7'||£,2/_ 66 \ from below by ||^||x, 2 r— 6,6) ■ This can De 
done by the inequality (JT2j) , however, the latter is unnecessarily rough. Minimization 
of ||^'|||2(_ 6 m for fixed g(—b) = 0, g(b) , and ||fl , |||2(_ 6)6 ) is an isoperimetric problem 
| [Re| , Sec.23F]; the corresponding Euler's equation is easily seen to be solved by a 
multiple of sinK(x — b) . Taking a minimum over k , we get 

WWbi-w > (^) 2 \\9\\h(- b , b) ■ (is) 
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Using this bound, we arrive at 



L 2 (-b,b) 



the quadratic form at the rhs is positive as long as 



L2(-6,6), 



lQb 2 \ \aj 



If the inequality is satisfied for A = the same is true for |A| small enough; this 
yields the condition @ and finishes thus the proof of Theorem [l]. 



4 Existence of bound states 

Let us start from a lower bound to possible eigenvalues. A necessary condition for 
their existence is that the condition (pi]) is violated. It follows easily from the above 
estimates that 

(ffAlkVO- Q) 2 |HI 2 ^ 11^,111^)- A Vrf ||/|| 2 + O(A 3 ), (20) 
where f2g := f2 \ fib is the complement containing the strip tails, and 



2 



dn := — - 3 - 



a 2 I \a 



7T 
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if a bound state exists this quantity has to be positive. Consider a function ip for 
which the Ihs of (p0|) is negative. We employ the inequality \\ip\\ 2 > ||G||^ 2 ^ Ci _^ , 

where VL c b ~ is the left tail, and an analogous bound for || C^- II ia^c-, . The functional 

rfrA _ ii^iii 2 (c r) - A2 ^oii/ii 2 _ U'WU^-^do 

L.{Lr) :- 



W G W 2 L2(ntn ll^lli»(-oo,-6) 

defined on functions with fixed <p{—b) = a assumes its extremum for Go(x,y) = 
a e K ( x+b >xi(y) with k = X 2 d \\f\\ 2 ; the minimum value is — A 4 c?o||/|| 4 . Consequently, 
we get 

i.e., the lower bound (|) of Theorem ^. 
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The rest of the argument is easier. To check the existence claim of Theorem ^], 
it is sufficient to use a suitable trial function. We choose 

Mx,y) = (l+X V f(x)) X i(y), (21) 

where rj is a parameter to be determined; this allows us to employ the above esti- 
mates with R = a = 1 , and g = Xrjf . In particular, we have 

+ A 2 {(3-2,7) (£f ll/ll 2 + ( V 2 + K 2 )||f || 2 } + CA 3 ; 

since the first term at the rhs can be made arbitrarily small, a bound state exists 
as long as the curly bracket is negative. This condition can be rewritten as 



rj 2 - 2r]z + 3z + K 2 < , z :-- 



^2 



^ ||f|| 2 ' 

so it can be satisfied provided z 2 — 3z — K 2 > , which requires in turn 



3 + + 

z > ; 

2 

substituting for K from (|ISD , we arrive at the condition ([|). 

It remains to find an upper bound to the eigenvalue e(A) . We put i] = z , so 

{H X M)~ (£flHI 2 = ||^IU 2 (ne)-A 2 ||/|| 2 d 1 + 0(A 3 ), 

where d\ := (z — 'S — z^K 2 ) > 0. Outside we choose the trial function 
follows: 

e' K ^ XTb ^Xi{y) ■ ■ ■ ±x > b 



as 



ij)(x,y) 



... otherwise 



where k = ^ X 2 d 1 \\f\\ 2 . In that case ip clearly belongs to the form domain of H\ 
and 

(™ _ fl\* < -WW* = -I rf f ll/ll'A' + (A.), 
Il^ll 2 W 25- A2di||/||2 -CA 4 

which yields the other bound of @. 
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5 Concluding remarks 



The result discussed here is certainly not optimal. To illustrate this, let us ask what 
is the maximum value of | for which the sufficient condition (^) may be satisfied. 
Since the function / satisfies the condition @ and f(b) = 0, even the inequality 
([TSf) cannot be saturated for it; minimizing over the smaller class, we obtain 

. f ll/'ll 2 (*\ 2 

Hence examples of critical-tube shapes satisfying the condition (f|) exist if 

a I 2 

- < «/ ; « 0.506 ; 

6 V 3 + V9 + 4AT 2 

on the other hand, the condition (|3|) excludes the existence of bound states for the 
ratio 2 > 2.309 . 
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